AN EMPIRICAL CENTRAL LIMIT THEOREM IN L 1 FOR 
STATIONARY SEQUENCES. 
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Abstract. In this paper, we derive asymptotic results for the L 1 -Wasserstein 
distance between the distribution function and the corresponding empirical dis- 
tribution function of a stationary sequence. Next, we give some applications 
to dynamical systems and causal linear processes. To prove our main result, 
we give a Central Limit Theorem for ergodic stationary sequences of random 
variables with values in L 1 . The conditions obtained are expressed in terms of 
projective-type conditions. The main tools are martingale approximations. 
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1. Introduction 

The Kantorovich or L 1 -Wasserstein distance between two probability measures 
Pi and P2 on K. with finite mean, is defined by 

d\{P\, P2) '■= inf { J \x — y\ dv{x, y) : v G V(R 2 ) with marginals Pi, P 2 }, 

where V(R 2 ) is the space of probability measures on Mr. 

Let Ai be the space of 1-Lipschitz functions. It is well known that d\ can also 
be written as follows: 

d 1 (P 1 ,P 2 )= [ \F 2 (t)-Fx(t)\dt= sup / fdPr - [ fdP, 
J feAi J J 

where Fi (respectively F 2 ) is the distribution function of Pi (respectively of P 2 ). 

Let (Xj)j e z be a stationary sequence of real-valued random variables. In this 
paper, we are concerned with the Central Limit Theorem (CLT) for the L 1 - 
Wasserstein distance, defined by 

\F n (t)-F x (t)\dt, (1.1) 

where Fx is the common distribution function of the variables X iy and F n is the 
corresponding empirical distribution function (see Section 3). 

In the literature, several previous works on the Kantorovich or L 1 - Wasserstein 
distance, have already been done, for a sequence of i.i.d random variables X = 
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(Xj)igz ( see for instance del Barrio, Gine and Matran [3]). Recall that if X has 
the distribution function Fx, then the condition 



In their Theorem 2.1, del Barrio, Gine and Matran [3] prove that if {Xi) iG z 
is i.i.d, then the processes ^Jn(F n — Fx) converge in law in L 1 to the process 
{B(F(t)), t e R}, where B is a Brownian bridge, if and only if A2,i(X) < oo. Our 
main result extends Theorem 2.1 in del Barrio, Gine and Matran [3] to the case 
of stationary sequences, satisfying some appropriate dependence conditions. 

Before giving the idea of the proof, let us introduce L 1 ( y u) = L 1 (T, /x), where \i 
is a cr-finite measure, the Banach space of /z-integrable real functions on T, with 
the norm ||.||i iM , defined by H^Hi,^ = j T \x(t)\ fi(dt) . Let L°°(/i) be its dual space. 

First, we give the Central Limit Theorem (CLT) for ergodic stationary sequences 
of martingale differences in L 1 (//) (see Section 4.1). Then, by martingale approxi- 
mation (see for instance Volny [19]), we derive a Central Limit Theorem for some 
ergodic stationary sequences of L 1 (/i)-valued random variables satisfying some 
projective criteria. This result allows us to get sufficient conditions to derive the 
asymptotic behavior of ( 11. ip . 

The paper is organized as follows. In Section 2, we state our main result. In 
Section 3, we derive the empirical Central Limit Theorem for statistics of the type 
(11.11) for a large class of dependent sequences. In particular, the results apply 
to unbounded functions of expanding maps of the interval, and to causal linear 
processes. 

2. Central Limit Theorem for stationary sequences in L 1 ^) 

From now, we assume that the ergodic stationary sequence (-Xj)iez of centered 
random variables with values in L 1 (/i), is given by X$ = XqoT 1 , where T : Q — > Q 
is a bijective bimeasurable transformation preserving the probability P on (Q,A). 
Let S n = Y^j=i Xj, be the partial sums. For a subfield Tq satisfying JF C Y~ 1 (Tq), 
let Ti = T-*(^ ). 

Notation 2.1. For any integer p > 1 and for any real random variable Y, we 
denote ||.|| p , the L p -norm defined by \\Y\\ P = E(\Y\p) 1 /p, and || . denotes the 
L°°-norm, that is the smallest u such that F(\Y\ > u) = 0. 

Here is our main result: 

Theorem 2.2. Assume that, for any realt, E(X (t)|jF_ oo ) = ; E(X (t)|jF oo ) = 
X (t) and 




is equivalent to 





(2.1) 
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Let P (X(t)) = E(X(t)|J" ) - E(X(t)|J^_i) and assume that 

[ \\Po(X k (t))\\ 2 fi(dt) <oo. (2.2) 

Then 

n 

n- 1/2 Vl oT — > G in law in L x (/i), (2.3) 

' 4 n~ +oo 

i=l 

where G is a L 1 (/x) -valued centered Gaussian random variable with covariance 
operator: for any f G L°°(/x), 

$g(/,/) = E((/(^P ™)) 2 ) =^Cov(/(X ),/(X fe )). (2.4) 

fcez feez 

As a consequence, we have 
Corollary 2.3. Assume that \2. 1\) holds. Moreover, suppose that 



°° 1 f 

/ ||E(X n (t)| Jo)|| 2 M^)<oo, 

n=l V " 



(2.5) 



and i/iai 



(2.6) 



OO „ 

V— / ||X_ n -E(X_ n (t)| J- )|| 2 /i(^)<oo. 

n=l V « ./t 

Then, the conclusion of Theorem \2.2\ holds. 

3. Applications to the empirical distribution function 

Let F = (li)igz be a sequence of real-valued random variables. We denote 
their common distribution function by Fy and by F n the corresponding empirical 
distribution function of Y: 

1 n 

vt el, F n (t) = - Vi n<t . 

n z — ' 

i=l 

Let A be the Lebesgue measure on R. If E(|Yi|) < oo, the random variable 
Xi{.) = {t i— > ly^t — Fy(t),t G R} may be viewed as a centered random variable 
with values in L*(A). 

Notation 3.1. Let Fy k \r be the conditional function of Y k given JF , and let 
^Vfc ij^-i be the conditional function of Y k given T-\. 

With these notations, the following equalities are valid: for every k in Z, 

/ \\P (X k (t))\\ 2 dt = [ WFy^W-Fy^Mhdt, (3.1) 
Jt Jt 

and / \\E(X k (t)\F )\\ 2 dt = [ \\Fy kl f (t)-Fy(t)\\ 2 dt. (3.2) 
Jt Jt 



4 SOPHIE DEDE 

3.1. Dependent sequences. 

As we shall see in this section, applying Corollary 12.31 we can derive sufficient 
conditions for the convergence in L X (A) of the process v / n(F n — F Y ), as soon as 
the sequence Y satisfies some weak dependence conditions. Set JF = o{Y^i < 0). 
We first recall the following dependence coefficients as defined in Dedecker and 
Prieur [9]: for any integer k > 0, 

4>{k) = sup\\F(Y k <t\F )- P(n < t)||oo , 

and 

a{k) = sup||P(F fc <t\F )- F{Y k <t)\\x. 

When the sequence Y is ^-dependent, the following result holds: 
Proposition 3.2. Assume that 



^\^Y~ <ooand I V^Pl >t)dt< oo, (3.3) 
fc>i ' ^° 

then {t i — > y/n(F n {t) — Fy(t)),t G M} converges in L X (A), to a centered Gaussian 
random variable, with covariance function: for any f,g& L°°(A), 

*x(f,9)= I f(s)g(t)C(s,t)dtds (3.4) 

with 

C(s, t) = F Y (t A s) - F Y (t)F Y (s) + 2 ^(P(F < t,Y k < s) - F Y (t)F Y (s)). 

k>l 

Remark 3.3. Proposition 13. 21 is also true with the ^-mixing coefficient of Ibragimov 
[T2] . Notice that this result contains the i.i.d case, developed in del Barrio, Gine 
and Matran [3]. 

Before giving sufficient conditions when the sequence Y is a-dependent, we first 
recall the following definition: 

Definition 3.4. For any nonnegative and integrable random variable Y, define 
the quantile function Q Y of \Y\, that is the cadlag inverse of the tail function 
x-*F[\Y\>x). 

Proposition 3.5. Assume that 

i r {k) Qy{u) 

> —= / — ^cto<oo, 3.5 
then the conclusion of Proposition holds. 

Remark 3.6. Notice that Proposition 13.51 is also true with strong a-mixing coeffi- 
cients of Rosenblatt [18j. Notice also that (I3.5P is equivalent to 

1 r°° 

/ \/&(k) A v/PfjFj >t)dt< oo. (3.6) 
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3.1.1. Application to expanding maps. Let T be a map from [0, 1] to [0, 1] preserv- 
ing a probability fi on [0, 1]. Recall that the Perron- Frobenius operator K from 
L 1 (/i) to L^/x) is defined via the equality: for any h G L 1 (/i) and / G L°°(/i), 

{Kh)(x)f(x)p{dx) = [ h{x)(f oT)(x)n(dx). 



'0 ^0 

Here we are interested by giving sufficient conditions for the convergence in L X (A) 
of the empirical distribution function associated to Fy where the random variables 
(Yi)iez ar e defined as follows: for a given monotonic function /, let 

Y k = foT k . (3.7) 

In fact since on the probability ([0,1], /i), the random variable (T, T 2 , T n ) is 
distributed as (Z n , Z n _i, Zi), where (Zj)i>o is a stationary Markov chain with 
invariant measure /i and transition Kernel K (see Lemma XI. 3 in Hennion and 
Herve [H]), the convergence in L X (A) of the empirical distribution function associ- 
ated to F Y is reduced to the one of the empirical distribution function associated 
to F f{z) . 

In this section we consider two cases: first the case of a class of BV-contracting 
maps and secondly the case of a class of intermittent maps. 

a) The case of BV-contracting maps. Let BV be the class of bounded variation 
functions from [0, 1] to R. For any h G BV, denote by \\dh\\ the variation norm of 
the measure dh. A Markov kernel K is said to be .BV-contracting if there exist 
C > and p G [0, 1[ such that 

\\dK n {h)\\<Cp n \\dh\\. (3.8) 

A map T is then said to be BV-contracting if its Perron-Frobenius operator K 
is BV-contracting (see for instance Dedecker and Prieur [9], for more details and 
examples of maps which are BV-contracting). 
In this case, the following result holds: 

Corollary 3.7. IfT is BV-contracting and f is a monotonic function from ]0, 1[ 
to R satisfying \/A(|/| > t) dt < oo, then the conclusion of Proposition HOI 



holds for the sequence (Yk)kei where is defined by \3. 7|). 



Remark 3.8. In the particular case when / is positive and non increasing on ]0, 1[, 
with f{x) < Dx~ a for some a > and D a constant, we get that 

V\(\f\>t)dt<C 2 ^ jj^dt, 

where C*2 is a constant. Consequently, Corollary 13.71 holds as soon as a < | holds. 

b) Application to intermittent maps. For 7 in ]0, 1[, we consider the intermittent 
map T 7 from [0, 1] to [0, 1], studied for instance by Liverani, Saussol and Vaienti 
which is a modification of the Pomeau-Manneville map [16] : 

f x(l + 2~'x~ t ) if x G [0,l/2[ 
7 ~1 2a: -1 if xG [1/2,1]. 
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We denote by v 1 the unique T 7 -probability measure on [0, 1] and by the Perron- 
Frobenius operator of T 7 with respect to z/ 7 . For these maps, we obtain the 
following result: 

Corollary 3.9. For 7 in ]0, 1[, ifT.y is an intermittent map and f is a monotonia 
function from ]0, 1[ to R ; satisfying 

1 r°° 1 / 

YtTmL 7TET A V^ (l/I > t ) dt <°°> ( 3 - 9 ) 



k 



7Z[ Vk Jo k 2 7 



then the conclusion of Proposition Iff. 51 holds for the sequence (Y k ) ke % where Y k is 
defined by (fffT 



Remark 3.10. In the particular case when / is positive and non increasing on 
]0, 1[, with f(x) < Dx~ a for some a > and g Vi the density of v 1 such that 
9vS x ) < V^,a;~ 7 where V(7) is a constant, we can prove that f)3.9p holds as soon 
as a < \ —7 does (see Section H~8l) . In his comment after Theorem 3, Gouezel [TO] 
proved that if fix) = x~ a , then n -1 / 2 Xwb=i(/ °T* — v~/(f)) converges to a normal 
law if a < I/2 — 7, an d that there is a convergence to a stable law (with a different 
normalization) if a > 1/2 — 7. This example shows that our condition is close to 
optimality. 

3.2. Causal linear processes. 

We focus here on the stationary sequence 

Y k = y^ajgfc-j, (3.10) 
i>o 

where (e»)iez is a sequence of real-valued i.i.d random variables in L 2 and Ylij>o \ a i\ < 
+00. 

Corollary 3.11. Assume that, Eq has a density bounded by K and that |ao| 7^ 0. 
Moreover, assume that 

V/™"^ *,<«,. (3.H) 

T/ien £/ie conclusion of Proposition HTM holds for the sequence (Y k ) k£ i where Y k is 
defined by ( fff.iflj) . 

Remark 3.12. Since X^/>o l a il < 00 > (13.111) is true provided that 

t|2 Q\e \(u 



E 

fcgZ 



< 00. (3.12) 



As a consequence, we get the following result 

Corollary 3.13. Assume either Rem 1 or 2 below: 

1. for some r > 2, the i.i.d random variables (ej)jez are in 1/ and Eq has a 
density bounded by K . In addition \a \ 7^ and 

Y J k l/ ^- l) \a k \^'^ <oo. (3.13) 

fc>0 
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2. for some r > 2, 

Vi>0, Pflel > x) < (—) where c is a positive constant, 

x 

and eo has a density bounded by K . In addition \a \ ^ and 

^2\a k \ l - 2/r < oo. (3.14) 

k>0 

Then the conclusion of Proposition HO holds for the sequence (Yfc)fcez where Y k is 
defined by Ii3.10\) . 

4. Proofs 

4.1. Central Limit Theorem for L 1 ( / u)-valued martingale differences. 

We extend to L 1 (/i)-valued martingale differences, a result of Jain [13J, which 
is, for a sequence of i.i.d centered L 1 (/i)-valued random variables X = (Xi) ie z, the 
Central Limit Theorem holds if and only if J T (E(Xi(t) 2 )) 1/2 fi(dt) < oo. 



Theorem 4.1. Let (Mj)j 6 z be a sequence of stationary ergodic martingale differ- 
ences with values in L 1 (/^) such that Mi = M o TP. Assume that 



\\M (t)\\ 2t i(dt) <oo. (4.1) 

T 

Then 

n 

n' 1 ' 2 Vm oT — > G in law, (4.2) 

< J n— >oo 
i=l 

where G is a L 1 ^) -valued centered Gaussian random variable with covariance 
function: for any f m L°°(yu), $ G (/, /) = E(/ 2 (M )). 

Proof of Theorem \4-l\ Before giving the proof, we recall some notations and 
definitions used in the proof. 

Notation 4.2. Using the notations of Jain [13], we consider for any real separable 
Banach space B and its dual B', 

WM 2 = {v probability measures on B: J \f\ 2 dv < oo, J f dv = 0, V / G B'}. 
Definition 4.3. If v G WM^, its covariance kernel $^ is given by: for any f,g& 



®u(f,g) = J fgdv. 



Definition 4.4. /i G WMq is pregaussian if there is a Gaussian measure v, such 



that $ y = $ M . 
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By the classical Linderberg's theorem for stationary ergodic martingale dif- 
ferences in Billingsley [2], n -1 / 2 f(S n ) converges in law to the centered gaussian 
random variable Z in R, with variance E(/ 2 (M )), for each / G L°°(/i). Now, we 
have to prove that the distribution of n~ l l 2 S n is relatively compact. As L 1 (/i) is of 
cotype 2, we use the same approach as in the proof of Theorem 6.4 in de Acosta, 
Araujo and Gine pQ. 
By stationarity, it follows that 

E ([ ; (^)] 2 ) = \zZn{f{M i )f) = E([/(M )] 2 ). 
i=i 

By Theorem 11 in Jain [13], if (14. ip holds, then M is pregaussian, so there exists 
a L 1 ( / u)-valued centered Gaussian random variable G ( or a Gaussian measure 7 
on L 1 (//)), with covariance operator <3?g, such that, for any / in L°°(/i), 

E([/(G)] 2 ) = $ G (/,/)=E([/(M )] 2 ). 

By Theorem 5.6 in de Acosta, Araujo and Gine pQ, every centered Gaussian 
measure on L 1 ( y u), is strongly Gaussian which means that there exist a Hilbert 
space H, a continuous linear map M : HI — ► L 1 (/i) and a tight centered Gauss- 
ian measure v on HI such that 7 = v o M _1 . Therefore, we can apply Theo- 
rem 6.2 pQ, with ^ = {£ a probability measure on L 1 (/i) such that $^(/, /) < 
$ 7 (/, /),for all / G L°°(/i)}, so .ft is relatively compact. We have proved that the 
distribution of n~ l l 2 S n is relatively compact. □ 

4.2. Proof of Theorem 

We construct the martingale 



M n = Y J M oT, 



i=i 



where M = Y^kez ^oC^fe)- Notice that (M o TP) ieZ is a sequence of a stationary 
ergodic martingale differences. By triangle inequality, 

/ \\M Q (t)\\ 2 n(dt) = [ || y^p (x k (t))\\ 2 fj,(dt) 

< J2 f \\Po(Mt))hKdt)<oo. 

Applying Theorem 14.1} we infer that 

—=M n — > G in law in L 1 ( / u), 

I XL n^oo 



where G is a L 1 (/x)-valued centered Gaussian random variable such that $g(/, /) 
E([/(M )] 2 ), for any / G L°°(/x). 

To conclude the proof, it suffices to prove that 



lim 

n >oo 
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The proof is inspired by the proof of Theorem 1 in Dedecker, Merlevede and Volny 
[8J. By triangle inequality, 



S n (t) 1 



n \in 



Vi„(t)or fi(dt) 



1=1 



S n (t) E(S n (t) | T n ) , E(S n (t) | T n )_ E[S n (t) | To) 



n 

E{S n {t) | -F ) 



1 n 

v i=l 



< 



S n (t) E{S n (t) | T n ) 



n 



n 



ji{dt) 



+ 



E(S n (t) | T n ) E(S n (t) | To) 1 



i=i 



+ 



E{S n {t) | 



fi(dt). 



(4.4) 



It suffices to prove that each term of the right-hand side in Inequality (14. 4p tends 
to 0, as n tends to infinity. Let us first control the second term. Since 



E(S n (t) | T n )-E(S n (t) | T ) =^2Y / P i (X k (t)), 



i=l k=l 



it follows that, by stationarity and orthogonality, 



E(S n (t) | T n ) - E(S n (t) | T ) 1 



^¥ (t)oT ; fi(dt) 



i=i 



\ 



E(SJt) T n ) - E(SJt) T ) 1 A „ . . N m . 2 , , , 
i v «w I o; VM t oT' fi(dt) 

sjn f-f 2 

v i=i 



\ 



n n 



~E || J2P {X k ^{t)) - M (t)\\lti(dt) 



i=l k=l 



n 7i — % 



\ \TA E ^(t))-M (t)||^) 

\ »=1 3=1-* 



<V^2 



EIIE p o(^w)||'M^) + 



1=1 jf< — i 



n 



Ell E ^(t))!!^^)" 



i=l j>n— i+1 



(4.5) 
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Splitting the sum on i of the first term in the right-hand side of Inequality (14.51) , 
we get that 



r 


n 

-EIIE^w)!!^) 


= L\ 


1 N 

-EIIE P °W))I 

i=l j<-i 


1 n 
2 1 ^-v | 

1 2 ^ ' ' ' 
i=N+l 


j<-i 




i N r 

~T,\\T, p °( x M\Uw+ / A 

i=l j<-i ^ T 


I E IIE p o(^-w)||^(^) 

\ i=N+l j<-i 



Fubini entails that 



Pa{X,(t))\\^(dt) 



\ i=l j<-i V JT i=l j<-i 

^ W ^E ll p o(^-(t))|| 2 M^) 

V j <_ 1 

^ "T^E / WX s (t))h^dt) — 0. 



Moreover, since 



fx ~ E IIE^W)!!^^) < [ J-(n-N)( £ \\Po(X,(t))h) 2 Kdt) 
Ji^ n i=N+1 j<_i " y n 

< /(E ll^o(^i(t))|| 2 ) M(rft) 

J<-JV 

E / IW*i(*))IM#), 

we infer by (12.21) that 



lim limsup . 



1 " 

- E ||E p °W))lli^) = o 



i=JV+l i<-j 



Whence 



1 n 

-EIIE p °^))ll2^) — o. 

Tl L — ' z — ' MZ ra— >oo 



i=l i<— i 
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In the same way, splitting the sum on % of the second term in the right-hand side 
of Inequality (14.51) , we derive that 



\ 



^£11 £ p^mt^dt) 



i=l j>n—i+l 



n-N 



E p*&mt+\ E II E Pa&MWlm 



j>n—i+l 



i=n—N+l j>n—i+l 



/ 1 n—N „ . n 

A -EII E Po(X j (t))\\l»(dt)+ , - E II E PoiXMWlKdt). 
- \ 8=1 j>n-i+l ^ T \ i= n -N+l j>n-i+l 



Since 



„ n—N „ 

LnZw s whig**) ^ y T 

\ i=1 j>n-i+l J L 



(n-N) 



\\p (Xj{t))h) fi(dt) 



j>N+l 



< 



J2 j \\Po(X 3 (t))\\ 2 fi(dt), 

j>N+l ^ T 



and 



LI E II E Po(XAt))\\U(dt) < [ j= £ II E PoixmlKdt) 

JT \ j =n _jv + i j> n -i+l -'TV i=rl _7v+l j> n -i+l 

^ 4r / EH p o(^W)ll 2 M^), 

we deduce by (12.21) . that 



lim 



\ 



1 n 

-Ell E Po(X J (t))\\lKdt) = 0. 



i=l j>n—i+l 



Consequently, we derive that 



E 



S n (t) 



n 



1 n 



n{dt) — > 0. 



To prove that the last term of Inequality f)4.4p tends to as n tends to infinity, 
we first write that 

N 



E 



S n (t) 



71 



li{dt) < [ || VE(Ij(t) I F )\\ 2 (ji(dt) 

V n JT k=l 

/ || E E (Xk(t) | F )\\ 2f i(dt). 
v n ^T k=N+1 
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By orthogonality, 



n n 



|| HMt) I ^cOHa = E E E ( E ( X fcW I ^o)E(X,(*) | ^o)) 

k=N+l k=N+l l=N+l 

n n oo 

= E E E(^P_ m (X fc (t))P_ m (X,(t))). 

fc=jV+l «=/V+l m=0 

Using Cauchy-Schwarz inequality and stationarity, it follows that 

oo n+m n+ra 



(4.6) 



-|| W) I ^o)||a < -E E E ll P o(X fe (*))|| 2 ||P (^(t))|| 2 

fc=7V+l 771=0 fc=Ar+m+l i=jV+l+m 

oo 2 

< ( E n p o(x fc (t))ii 2 ) . 

k=N+l 

Consequently 

„ n oo „ 

7=/ II E E (^*(*)l^o)|| 2 A*(*)< E / ll^o(X fe (t))|| 2 /i(dt) 
and by (I2.2p . it follows that 

1 /" n 

lim limsup -= / | V E(X k (t) \ T )\L ^{dt) = 0. 
On the other hand, by stationarity, 

JV AT 

||5>(X fc (t)|^ )|| 2 = || EE E ( P ^W) l-^oJlla 

k=l k=l i£Z 

N 

< E(En p *w*))iW 

fc=i iez 

< iV^||PoWO)||2. 

Hence by (12. 2p . we get that 

r i - 

lim / -=\\Y'E(X k (t)\^o)\\ 2 Kdt) = 0. (4.7) 



Therefore, (14. 6[) and (14. 7p imply that 

li m /" Ef^S^o) fi(dt) = 0. 
n^oo y T V yVi / 2 
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To prove that the first term of Inequality ( 14.4ft tends to as n tends to infinity, 
we write that 



S n (t) _ E fS n (t) 



11 



n 



J n 



i r ii 

fi(dt) < -= / \\J2[X k (t)-E(X k (t) \F n )} n(dt) 

+ 7^ / j E Wt)-E(^(t)|^n)] 



By orthogonality, 



n—N 



| ^[X fc (t)-E(X fc (t) 
fc=i 

re— JV n-Af 

^ ^ E([X fe (t) - E(X fc (i) | J- n )][X,(t) - E(X,(f) | ^ n )]) 

fc=l !=1 
re— AT n-AT 

^ ^pE(X fc (*)Xj(*)) -E(E(X fc (t) | J- n )E(X,(t) | ^„))] 
fc=i i=i 

n—N n—N oo 

EE E ( E Pm(Mt))Pm(Mt))) ■ 



k=l 1=1 m=n+l 



Consequently by using Cauchy-Schwarz inequality and stationarity, 



n—N 



oo n—N—mn—N—m 



n 



l\\Y,[X k (t)-E(X k (t)\F n )}( 2 < i E E ll^o(X fc (t))|| 2 ||P (X(t))|| 

fc=l m=n+l k=l—m 1=1— m 

-(AT+1) 

< ( E H P 0(X fc (t))|| 2 ) 2 . 



fc=— oo 



Hence we get 



n— JV 



-(AT+1) 



4= / II V[X fc (t)-E(X fe (t) |^ n )] Kdt)< T f \\Po(X k (t))\\2»(dt), 



and by (12. 2p . it follows that 



lim limsup -= / || J2[X k (t) - E(X k (t) \ F n )\ fi(dt) = 0. 

N^oo n ^oo yU II J 2 



(4.8) 
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Also by stationarity, 



E [X k (t) - E(X k (t) | F n )\ 

k=n-N+l 



I E £ p m (x*(f)) 

k=n— N+l m=n+l 
n 

< E (En p -( X ^))IW 

fc=n-Af+l meZ 

< iV^||Po(^(t))|| 2 . 



Hence 



/" 1 ii n NT 

I -T E [^*(t)-E(^fc(*)l^n)] M*)<-7=X) / H P oW))|| a M*)- 

(4.9) 



Therefore, (H~8j) and ffl~9]) imply that 



lim 

n— >oo 



J n 



fi(dt) = 0. 



To end the proof, it remains to prove (12.41) . With this aim, we use Corollary 1 in 
Dedecker, Merlevede and Volny [8j. Hence it suffices to prove that, for any / in 
L°°G"), 

J2\\Po(f(X k ))h<oc. (4.10) 

fcez 

As / is a linear form on L 1 (/z) then / belongs to L°°(/x). It follows that 



\P (f(X k ))\\ 2 = \\f(P (X k ))\\ 2 < C(f) \P (X k )(t)\ fi(dt) 

Jt 

< C(f) [ \\P (X k )(t)\\ 2 n(dt) 



where C(f) is a constant depending on /. Consequently, (14. lOf) holds as soon as 
(TO) holds. □ 

4.3. Proof of Corollary IPl 

We prove Corollary 12.31 with the same arguments as in the end of the proof of 
Corollary 2 in Peligrad and Utev [15j. 

By stationarity and orthogonality, for all k in Z, we have 



mx k \F )\\i 



E p i( x * 



J=-0O 



En p -^ Xi 

j=k 



0)\\l 



and 



3=1 



53iiPi(x_ fc )iii= e ii^™ 

3=1 i=fc+l 
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Now, applying Lemma A. 2 in Peligrad and Utev ^S\, to ai := ||P_£(Xq) H2, it 
follows 

1/2 



i=l n=l i=n 

00 

< S^n-^HE^I^Ik (4.H) 

n=l 

and then to := ||P(X )||2, 

^||P(X )||2 < ^n-^femiXo)]]!) 1 

i=l n=l i=n 

00 

< 3j2 n ~ l/2 \\ X -(n-V ~E(^-(n-l) 1^0)112 

n=l 
00 

< 3j2(n + l)- 1/2 \\X^ n -E(X_ n \^ )\\ 2 

n=0 

00 

< 3||X - E(X \F )\\ 2 + 3 ^n-^HX-n - E(X_ n | F Q ) || 2 

n=l 

00 

< 3^n- 1 / 2 ||X_„-E(X_„, I Jo)||2 + 6||X || 2 . (4.12) 

n=l 

Therefore, by (1411]) and pi . we deduce that 

OO OO 

^||P (X fc )|| 2 = ^||P_ fe (X )||2 + ^||P fc (X )||2+||Po(X )||2 
fcgZ fe=l fe=l 

00 00 

^ 3E^ 1/2 (Eii p -^ x o)iii 

OO OO -/„ 

+ 3 E n ~ 1/2 (E ii^wur) +\m*«)h 

n=l i=n 

00 00 

< 3[^n- 1 / 2 ||E(X n I T Q )\\ 2 + J2^' 1/2 \\ x -n ~ E(X_ n | F )\\ 2 ] + 8||X || 2 . 

n=l n=l 

Consequently, ([23]) and <^M> implies (Q. □ 

4.4. Proof of Proposition EH 

We apply Corollary EJ to the variables X(.) = {i i-> l y .< 4 - F Y (t),t E R}. 
Let 

Fy fc |^(t)-F y (t) 

u ||PV fcl ^ (t) -PV(t)|| 2 - 

Obviously, 



1/2 



V t G R, ||E(X fc (t) I ^ )||2 < ll^Wlb < V^W(1 - Py(t))- (4.13) 
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By Proposition 2.1 in Dedecker jl] and by ( 14. 13ft . for any k in Z, we derive 

\\F Ykl r (t) - F Y (t)\\ 2 = ~F Y m\\ ( F y^ (t) - Mt)) 

K \\*Y k \F {t) ~ *Y{t)\\2 

= Cov(Z(t),X k (t)) 



< 2\\Z(t)\\ 2 \\X k (t)\U<f>(k) 



< 2y/Fy(t)(l-F Y (t))yJ$(k). 

Consequently, we deduce that (12.51) holds as soon as (13. 3p holds. □ 

4.5. Proof of Proposition [3751 

We apply Corollary 12.31 to the random variables Xi(.) = {t \— > ly t <t — F Y (t),t G 
R}. 

By Holder's inequality for any k > 0, we get 
||E(X fe |^ )||2 = \\E(l Yk < t \F )-F(Y k <t)\\ 2 



< y/\\E(i Yk <t i ^o) -p(n < t)\\iy/\miY k <t i ^o) -p(n < t)iu 

< v/^fc). (4.14) 
Using (glSD and AH . 

\\E(X k (t) \F )h dt < / A a/ Fy(t)(l — F Y (t)) dt 

-oo JM 

poo pO 

< / y/a(k) A a/1 — F Y (t)dt+ / x/&(k) A ^/F Y JF} dt 

JO J -oo 

\f&(k) A y/W(\Y\ > t)dt. 



< 

Notice that 

■ du 



A a/P(|F| > t) = [ 1 
Jo 



u<y/¥QY\>t) u<y/a(k) 
/Mkj 

l« 2 <p(|Y|>t) du 

/a{k) 
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l Q Y (u 2 )>t 



du. 



By Fubini and by a change of variable, we derive 

vW)^vn\Y\>t)dt = Hf i^ vm ^ ) i^ VW) du)dt 



o Jo y Jo 

a(k) poo 



' lQy(« 2 )>t^j du 

/o x Jo J 

Jo 2 Jo V u 
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We deduce that (13.51) implies (12.51) . The CLT holds, by applying Corollary 12.31 □ 

4.6. Proof of Corollary [37fl 

Recall that to prove the convergence for the empirical distribution function of 
Y where (Y k ) k£ % is defined by (13.71) . it suffices to show the convergence in A) of 
the empirical distribution function of f(Z) where (Zij^z is the stationary Markov 
chain with transition Kernel K. Hence we shall prove that f{Z) satisfies the 
conditions of Proposition 13.21 

Using the fact that / is a monotonic function, Dedecker and Prieur [9] proved 
that 

0(f o j(z k ))<4>(F o ,z k ). 

In addition, they proved that if (13. 8p holds then 

4>(F ,z k )<C lP k , 

with C\ a positive constant (see [9]). This entails that (13. 3p holds. □ 

4.7. Proof of Corollary 15^1 

For the same reasons given in the proof of Corollary 13. 7\ we shall prove that 
f(Z) satisfies the conditions of Proposition 13.51 Hence we apply Proposition 13.51 
to the variables Xi(.) = h ^Y f <t ~ Fy(t),t G R}. Using the fact that / is a 
monotonic function, Dedecker and Prieur [9] proved that 

Y k ) = o,{Tq, f{Z k )) < a(T , Z k ). 

Recently, Dedecker, Gouezel and Merlevede [6] proved in Proposition 1.12, that 
there exists a constant C 7 , such that, for any positive integer k, 

a(Fo,Z k )< (4.15) 

(n + 1) 7 

As T 7 is an intermittent map, and / is a monotonic function, it follows by ( 14.15P 
that 

y/&(k)/\Jv y (\f\>t)dt< ^ ^ T AJu,(\f\>t)dt. 

V JO (k + 1) 27 V 

Consequently, (13.61) holds as soon as (13. 9p holds. □ 

4.8. Proof of Remark SHIS 

Since the density g v of z/ 7 is such that g v Jx) < V^x" 1 ', we infer that 

y 1 / > t < — , (4.16) 

1-7 

where D and Vf^y) are positive constants. By Fubini and (14.161) . we then get that 
where K(^, a) is a constant. 

Consequently, (13.91) holds as soon as a < | — 7 does. □ 



1-7 du ) dt 

^7 
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4.9. Proof of Proposition 13.1 1L 

We apply Theorem 12.21 to the random variables X k (t) = {t i— > ly k <t — Fy(t)}. 
Let Aii = a(ek,k < i). By a result in Lemma 6 in Dedecker and Merlevede [TJ, 

\\ F Y k \M (t) ~ F Yk \M-i(t)h < K | oo T 1 ! a k | - eolla- (4.17) 
Moreover, we have 

\\F Yk \Mo(t) ~ Fy^M.Mh < \\F Yk \M (t) -Fy(t)\\ 2 + WFy^M^t) ~ Fy(t)\\ 2 

< 2y/F Y (t)(l-F Y (t)). 

We deduce that (12.21) holds as soon as 



POO 

( K I «o a k | || ei - e || 2 ) A (2y/F(\Y k \ > t)) dt < 



OO, 



and it may be reduced to 

|afe ' 2 Q\Y k \{u) 



V/ I a fc | A^Pdnl > t) rft < oo <£> V / ^ lYk jl ' du < oo. 



Now, from Theorem 12.21 we infer that y/n(F n — Fy) converges in law to a L X (A)- 
valued centered Gaussian random variable G, with covariance operator $ M defined 
by (J32D- □ 

4.10. Proof of Remark mm 

By using Lemma 2.1 in Rio [IT], page 35, we have that 

Consequently since ^j> |a 3 -| < oo, (13. lip is true provided that 

J2 f 1 ^ 12 9hp. du<00 . (4.18) 



fcez 



□ 



4.11. Proof of Corollary [37131 



4.11.1. Proof of Item 1 of Corollary \3.13[ 

To apply Corollary 13.111 it suffices to prove ( 13. 12ft . 

Firstly, recall that, if U is an uniform random variable on [0, 1], ,([/) and 
|eo 1 2 have the same law. 

We proceed as in Rio [17] p 15. By Holder's inequality on [0, 1], it follows that 
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Using the same notations as in Dedecker and Doukhan [5], let 



5 1 ( u ) = 1 { u <\ a k\ 2 } and /( 

fc>0 

We infer that 



x) = x r/{r - l) . 



ft*- 1 ) = E(/o'+i)-/(j])W} 

3=0 

oo 

= E(^ + 1 ) r/(r ~ 1) -^ /(r_1) ) 1 {«<i%i 2 }- 

3=0 

Set C r = 1 V (^). Since (j + l)^" 1 ) -f/(r-ii < ^-l/fr-i) ? f[XT2l) holds as soon 
as 

f 1 y j^ r - i) 1{u - ] : j{2} du < oo , 

Jo ^ uW=V 
which is true provided that 

^jV(-i)| a .|^ <00 . 
i>o 

□ 

4.11.2. Proof of Item 2 of Corollary\3jB 

We apply Corollary 13.111 so it suffices to prove (13.121) . 

Notice that, the quantile function Q\ £Q \, here, is dominated by cu' 1 ^' . Thus, we 
derive 



./„ U V2+l/r 

2r 



ll-2/r 

Consequently, ( 13. 12ft holds as soon as ( 13. 14ft does. □ 



< c Ofc 

r — 2 
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